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Abstract
N = 3 super-Schwarzian and N = (3, 0) super-Liouville theories are formulated
by the coadjoint orbit method. We study the coadjoint orbit dependence of the
respective theories, represented by a superfield b. We show that it is renormalized
into the N = 3 super-Schwarzian derivative when the b field takes an appropriate
configuration at the initial point of the orbit. Then the renormalized actions of the
respective theories are invariant under OSp(2|3) transformations. If the configura-
tion gets further specified, the initial point of the orbit turns out to be stable under
one other kind of OSp(2|3) transformations as well.
∗Professor emeritus, e-mail: aoyama.shogo@shizuoka.ac.jp
1
1 Introduction
A discovery of a duality between the SYK model and the D = 2 effective gravity raised
a vivid interest in the Schwarzian theory. It was considered as playing a role of a me-
diator between the dual. Various interesting generalizations of the Schwarzian theory
were undertaken. Supersymmetric generalization is one of them. N = 1, 2 and 4 super-
Schwarzian theories were discussed in [1, 2, 3]. In [3] the N = 4 theory was formulated by
the coadjoint orbit method. The differential geometry in the theory was then manifest.
Such a formulation was originally given for the non-supersymmetric Schwarzian theory
in [4]. The formulation can be applied for the N = 1 and 2 theories as well by simply
adjusting the arguments in [3].
The coadjoint orbit method was originated by Alekseev and Shatashvili thirty years
ago[5]. By the method they studied the Liouville theory which is one of theD = 2 effective
gravity. Supersymmetric generalization of the arguments was subsequently undertaken.
The N = (1, 0), (1, 1), (0, 1), (1, 1) and (2, 0) super-Liouville theories were discussed in
the literature [6, 7, 8, 9]. Structural resemblance between these Liouville theories and
the Schwarzian theories is notorious. Further extension to the N = (4, 0) super-Liouville
theory was discussed only recently in [10].
An N = 3 supersymmetric extension is missing for the Schwarzian and Liouville
theories both. The aim of this paper is to study it and to fill up the gap in the literature.
To this end we need a proper knowledge about the N = 3 superconformal algebra. It has
been discussed in few occasions in the literature. We begin by giving a brief summary
on the algebra in Section 2. The reader familiar with the algebra may skip this section.
In Section 3 the coadjoint orbit method is worked out to obtain the Kirillov-Kostant 2-
form which is invariant under the N = 3 superconformal diffeomorphism. In Section 4
we study the coadjoint orbit dependence of the Kirillov-Kostant 2-form, represented by a
superfield b. It is shown that the b dependence is renormalized into the Kirillov-Kostant
2-form with b = 0 when the configuration is chosen appropriately at the initial point of
the orbit. Then the renormalized Kirillov-Kostant 2-form gets invariant under OSp(2|3)
transformations. If the configuration is furthermore specified, the initial point of the orbit
gets stable under one other kind of OSp(2|3) transformations as well. These symmetries
are called OSp(2|3)target and OSp(2|3)diff respectively. In Sections 5 and 6 use is made of
this Kirillov-Kostant 2-form to construct N = 3 super-Schwarzian and N = (3, 0) super-
Liouville actions respectively. The above twofold OSp(2|3) symmetry of the renormalized
Kirillov-Kostant 2-form is recovered in those theories. There is one point to be stressed for
the N = (3, 0) super-Liouville theory. Namely the the action appears in a non-local form
as long as we stick to the supercovariant formulation with superfields. We give a local
form by expanding the action in components. This peculiarity of the action has already
appeared in the N = (4, 0) theory[10], but not in the N = (1, 0) and (2,0) theories as
commented in the final section. Appendices A and B contain helpful formulae for some
arguments in the paper. Appendix C is devoted to make clear a subtle difference between
the N = 3 and 4 super-Schwarzian theories in arguing the double OSp(2|3) symmetry.
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2 N = 3 superconformal symmetry
i) N = 3 superconformal diffeomorphism
The N = 3 superconformal diffeomorphism may be found from the N = 4 supercon-
formal one discussed in [3] by a simple adaptation of the notation therein. The N = 3
superspace is described by the supercoordinates
(x, θ1, θ2, θ3) ≡ (x, θ).
Here x is a one-dimensional coordinate, while θa, a = 1, 2, 3, fermionic ones. The super-
covariant derivatives are defined by
Dθa =
∂
∂θa
+ θa∂x,
so as to satisfy
{Dθa, Dθb} = 2δab.
The N = 3 superconformal diffeomorphism is given by
x −→ f(x, θ), θa −→ ϕa(x, θ), (2.1)
with the superconformal condition
Dθaf = ϕbDθaϕb. (2.2)
Its infinitesimal form is given by
x −→ x+ δvf |(f,ϕ)=(x,θ), θa −→ θa + δvϕa|(f,ϕ)=(x,θ),
in which
δvf = [v∂x +
1
2
DθbvDθb ]f, (2.3)
δvϕa = [v∂x +
1
2
DθbvDθb ]ϕa. (2.4)
The infinitesimal parameter v follows from (2.2) as
v = δvf |(f,ϕ)=(x,θ) + θbδvϕb|(f,ϕ)=(x,θ).
More generally the superconformal diffeomorphism is given by
A(x, θ) −→ A(f(x, θ), ϕ(x, θ)) = ∆wA(x, θ),
with a scaling factor ∆ ≡ 1
3
DθaϕbDθaϕb. (See Appendix A for an alternative expression
of ∆.) A is called primary of the N = 3 superconformal algebra with weight w. The
infinitesimal form is given by1
δvA = (v∂x +
1
2
DθvDθ + w∂xv)A. (2.5)
1Hereinafter we do not write the arguments of superfields explicitly if they are simply (x, θ).
3
The N = 3 super-Schwarzian derivative was discussed in [11] and given by
S(f, ϕ; x, θ) = εabcDθaDθbϕdDθcϕd
DθeϕfDθeϕf
. (2.6)
It obeys anomalous diffeomorphism as
S(F (f, ϕ),Φ(f, ϕ); x, θ) = ∆ 12S(F,Φ; f, ϕ) + S(f, ϕ; x, θ). (2.7)
The infinitesimal form is given by
δvS(f, ϕ; x, θ) = [v∂x + 1
2
DθbvDθb +
1
2
∂xv]S(f, ϕ; x, θ) + 1
6
εabcDθaDθbDθcv. (2.8)
For consistency one can check that
[δu, δv] = δv∧u,
with
v ∧ u = v∂xu− u∂xv + 1
2
DθavDθau.
Finally we examine the non-supersymmetric limit of S(f, ϕ; x, θ). The superfield ϕa
is expanded in components as
ϕa(x, θ) = ηa(x) + θaρ(x) +
1
2
εabcθbθcτ(x) + θaθcτc + θ1θ2θ3ra(x)
= θaρ(x) + superpartners.
Put this into the Schwarzian derivative (2.6) and use the constraint2
∂xh = −(η · ∂xη) + ρ2, (2.9)
in which h is the lowest component of the expansion of f(x, θ) as given in Appendix A.
The top component of the expansion indeed gives the non-supersymmetric Schwarzian
derivative as
S(f, ϕ; x, θ) = · · · · · ·+ θ1θ2θ3
{∂3xh
∂xh
− 3
2
(
∂2xh
∂xh
)2 + superpartners
}
. (2.10)
ii) N = 3 superconformal algebra
The N = 3 superconformal diffeomorphism (2.5) may be represented by means of
commutation relations
(v∂x +
1
2
DθvDθ + w∂xv)A = [
∫
dxd3θ vT , A]. (2.11)
2This is one of the constraints following from the superconformal condition (2.2). Other constraints
are given in Appendix A.
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Here T is the generator of the diffeomorphism, while A an operator representing the
primary superfield (2.5). Note that T is a fermionic operator with weight 1
2
. The com-
mutation relation is written in the standard form of a Lie algebra by taking the Fourier
expansion[12]. We begin by taking expansion of v and T in θ. They are given respectively
by
v = α(x) + θcβc(x) +
1
2
εabcθaθbtc(x) +
1
3!
ǫabcθaθbθcβ(x), (2.12)
T = F (x) + θaTa(x) + 1
2
ǫabcθaθbFc(x) +
1
3!
ǫabcθaθbθcT (x). (2.13)
The resulting components are expanded in Fourier modes as
α(x) =
∑
n∈Z
einxαn, βa(x) =
∑
r∈Z+ν
eirxβar,
ta(x) =
∑
n∈Z
einxαan, β(x) =
∑
r∈Z+ν
erxβr, (2.14)
and
F (x) =
∑
r∈Z+ν
eirxFr, Ta(x) =
∑
n∈Z
einxTan,
Fc(x) =
∑
r∈Z+ν
eirxFcr, T (x) =
∑
n∈Z
einxLn,
in which ν = 0 for the R sector or 1
2
for the NS sector. Then it follows that∫
dxd3θ vT ∝
∑
n∈Z
(αnLn + tanTan) +
∑
r∈Z+ν
(βarFar + βrFr).
Put this into the r.h.s. of (2.11) and similarly expand the l.h.s. We find the N = 3
superconformal algebra[13]
[Lm, Ln] = (m− n)Lm+n + c
12
m(m2 − 1)δm+n,0,
[Tam, Tb n] = iεabcTcm+n +
k
2
mδabδm+n,0,
[Lm, Tan] = −nTam+n,
[Lm, Fa r] = (
m
2
− r)Fam+r,
[Tam, Fb r] = −iεabcFcm+r +mδabFm+r,
{Fa r, Fb s} = −2δabLr+s + (r − s)iεabcTc r+s − k
2
(r2 − 1
4
)δabδr+s,0,
[Lm, F r] = −(m
2
+ r)Fm+r,
[Fr, Tam] = 0,
{Fa r, Fs} = −Ta r+s,
{Fr, Fs} = −k
2
δr+s,0,
5
with the usual central extension included3. One can eliminate Fr and redefine the remain-
ing generators to find the non-Lie algebraic O(3) superconformal algebra, in the sense that
the anti-commutator {Fa r, Fb s} contains a term quadratic in Tan[14, 15].
iii) The Lie algebra osp(2|3)
One notes that the following twelve generators in the N = 3 superconformal algebra
TA ≡ L±n, L0, Fa± 1
2
n, T[ab] 0(= εabcT[bc] 0), n ∈ Z6=0, (2.15)
form the subalgebra osp(2|3) with the central charge c = 0. By scaling them as
L = nLn, L = nL−n, L
0 = nL0,
F a =
√
nFa 1
2
n, Fa =
√
nFa− 1
2
n, Ta = Ta 0,
the subalgebra is given by
[Ta, Tb] = iεabcTc, [Ta, L] = 0, [Ta, L] = 0, , [Ta, L
0] = 0,
[L, L] = 2L0, [L, L0] = −L, [L, L0] = L,
[Fa, L
0] = −1
2
Fa, [F a, L
0] =
1
2
F a,
[Fa, L] = 0, [F a, L] = Fa, [Fa, L] = −F a, [F a, L] = 0,
[Fa, Tb] = iεabcFa, [F a, Tb] = iεabcF c,
{Fa, Fb} = −2δabL, {F a, F b} = −2δabL, {F a, Fb} = −2δabL0 − iεabcTc.
iv) Non-linear realization of osp(2|3)
The Lie algebra osp(2|3) is also realized by a set of non-linear transformations acting
on the superconformal diffeomorphisms f and ϕa
δǫf = −iǫARA, δǫϕa = −iǫARAa,
in which RA and RAa are the Killing vectors satisfying the algebra and take the forms
−iǫARA = ǫL + ǫL0f + ǫLf 2 − ǫF cϕc − ǫF cϕcf,
−iǫARAa = ǫF a + ǫF af − ǫF cϕcϕa +
1
2
ǫL0ϕa + iǫabcǫbϕc + ǫLϕaf. (2.16)
They are obtained following the general method developed in [16, 17] by considering
the coset space OSp(2|3)
O(2)×O(3)
. Namely the coordinates of OSp(2|3)
O(2)×O(3)
are identified with the
N = 3 superconformal diffeomorphisms f, ϕa and their complex conjugates f, ϕa, which
3To get the algebra with this normalization we have scaled the components in (2.12) and (2.13) as
βa → 2βa, ta → 2ta, Ta → 1
2
Ta, Fa → 2
√−iFa, F → 2
√−iF.
Further scaling the fermionic generators as Fa → iFa. F → iF is needed to get the N = 3 superconformal
algebra with the normalization in [13]. See also Footnote 6.
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correspond to the coset generators L, Fa, L, F a.
4 It is important that the Killing vectors
satisfy the superconformal condition (2.2) as
Dθaδǫf = δǫϕaDθbϕ
b + ϕaDθbδǫϕ
b.
It is worth noting that the non-linear transformations (2.16) can be put in a finite
form
F (f, ϕ) =
Af +B + Λaϕa
Cf +D + Ξcϕc
, Φa(f, ϕ) =
Γaf +∆a +Oabϕb
Cf + D + Ξcϕc
. (2.17)
Here the parameters are read from a 5× 5 super-matrix of OSP(2|3)
M =

 A B ΛbC D Ξb
Γa ∆a Oab

 ,
which is defined by the condition5
MTηM = η,
with
η =

 0 −1 0b1 0 0b
0a 0a 1ab

 , MT =

 A C −ΛbB D −Ξb
Γa ∆a Oab

 .
This condition gives seven bosonic and six fermionic constraints on twenty five parameters
of M . Hence there remain twelve degrees of freedom which are dimensions of OSp(2|3).
The transformations (2.17) satisfy the superconformal condition (2.2) asDϕaF = ΦbDϕaΦb,
owing to these constraints.
The N = 3 super-Schwarzian derivative (2.6) is invariant under the non-linear trans-
formations given by the Killing vectors (2.16). It follows from the scaling transformations
δǫ(εabcDθaDθbϕdDθcϕd) = (ǫL0 + 2ǫLz + 2ǫF gϕg)(εabcDθaDθbϕdDθcϕd),
δǫ(DeϕfDeϕf) = (ǫL0 + 2ǫLz + 2ǫF gϕg)DeϕfDeϕf . (2.18)
The whole arguments in this section can be similarly done for the N = 0, 1, 2 su-
perconformal symmetries. The resulting N -extended superconformal algebra has the
subalgebra osp(2|N) with a, b, c = 1, · · · , N . But the argument for the N = 4 super-
conformal algebra goes differently. The Lie algebra osp(2|4) contains psu(1, 1|2). It is
this subalgebra which characterized the N = 4-extended supersymmetric Schwarzian and
4Here we treat (x, θa) as complex supercoordinates.
5It amounts to saying invariance of the scalar product ZT ηZ ′ under OSp(2|3) in which Z and Z ′ are
fundamental vectors of the representation.
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Liouville theories[3, 10].6 The Lie algebra psu(1, 1|2) was also non-linearly realized by the
Killing vectors on the coset space PSU(1,1|2)
U(1)×SU(2)
. But the N = 4 super-Schwarzian derivative
is no longer invariant under the non-linear transformations given by those Killing vectors.
Instead it transforms as
δǫS = ǫL0 + 2fǫL + 2ϕcǫ cF + 2ϕcǫFc, (2.19)
with the notation adapted to the N = 4 superconformal algebra[3, 10].
3 The Kirillov-Kostant 2 form
Let (u, k) and (b, c) to be elements of the N = 3 superconformal algebra and the dual
one respectively. Here k and c are constants central due to the central extension. They
transform as
ad(v, l)(u, k) =
(
v∂xu− ∂xvu+ 1
2
DθcvDθcv,
∫
dxd3θ vDθ1Dθ2Dθ3u
)
(3.1)
≡ [(v, k), (u, l)],
ad∗(v, l)(b, c) =
(
v∂xb+
1
2
∂xvb+
1
2
DθcvDθcb++cDθ1Dθ2Dθ3v, 0
)
. (3.2)
Namely u and b are superfields in the N = 3 superspace transforming under the super-
conformal diffeomorphism (2.1) with weights −1 and 1
2
respectively. Note that b is a
fermionic superfield. The invariant quadratic form is defined by
< (b, c), (u, k) >=
∫
dxd3θ bu + ck.
The coadjoint action (3.2) on (b, c) can be put in a finite form as
Ad∗(f, ϕ)(b, c) =
(
∆
1
2 b(f, ϕ) + cS(f, ϕ; x, θ), c
)
. (3.3)
So far the superfields b, u, f, ϕa depend on the N = 3 supercoordinate (x, θ). From
now on we think of the coadjoint action (3.3) on a orbit O(b,c), whose initial point is
(b, c). Then the support of the superconformal diffeomorphisms (2.1) is extended in a
fictitious space beyond the N = 3 superspace as f(x, θ, t1, t2, · · ·) and ϕa(x, θ, t1, t2, · · ·).
The superfield b in (3.3) acquires the dependence on parameters t1, t2, · · · only through
the superconformal diffeomorphism as b(f, ϕ). In such a fictitious space we define the
Kirillov-Kostant 2-form by
Ω(b,c) =
1
2
< Ad∗(f, ϕ)(b, c), [(y, 0), [y, 0)] >, (3.4)
6The subalgebra osp(2|3) previously given in this Section has normalization in common with these
subalgebrae given in [6, 18, 3, 10].
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with the coadjoint action (3.3). The 1-form y is given by
y =
df + ϕcdϕc
∂xf + ϕc∂xϕc
,
so as to satisfy
ivy = v. (3.5)
Here iv is the anti-derivative of the differential form. The reader who is not familiar with
the Kirillov-Kostant 2-form may refer to [3, 10] in which it was discussed in detail for the
N = 4 case. Here we stick to the convention stated in Footnote 1 even after introducing
the fictitious space, i.e., we do not write the arguments of superfields explicitly. Then we
should have written the one-form y as y(f, ϕ). But we would not like do it for simplicity
hereinafter too. The centrally extended commutator in (3.4) becomes
[(y, 0), (y, 0)] =
(
2y∂xy +
1
2
DθcyDθcy,
∫
dxd3θ yDθ1Dθ2Dθ3y
)
. (3.6)
4 OSp(2|3)target and OSp(2|3)diff
In this section we discover that the coadjoint action (3.3) can have OSp(2|3) symmetry
twofold. One is the OSp(2|3) symmetry of the N = 3 super-Schwarzian derivative under
the non-linear transformations by the Killing vectors (2.16), which was shown by (2.18).
We show that it can be extended to a symmetry of the whole coadjoint action (3.3)
when the initial point (b, c) of the coadjoint orbit O(b,c) is chosen appropriately. We call
the symmetry OSp(2|3)target. The other is a symmetry under the subalgebra osp(2|3) of
the N = 3 superconformal diffeomorphism, which stabilizes the coadjoint action (3.3).
That is, we can show that the initial point (b, c) of O(b,c) is stable under the subalgebra
osp(2|3) of the coadjoint action, if the b field is tuned to be a specific value. Therefore the
coadjoint action is invariant under osp(2|3). We call this subsymmetry of the coadjoint
action OSp(2|3)diff . We shall discuss the two OSp(2|3) symmetries in detail.
4.1 OSp(2|3)target
It seems that the the coadjoint action (3.3) no longer keeps the OSp(2|3)target invariance of
the Schwarzian derivative, due to the b-dependence. We show that the invariance remains
if the configuration of b is appropriately chosen for the initial point (b, c) of the coadjoint
orbit. The idea is that for any configuration of b we may find functions F0(x, θ) and
Φ0(x, θ) such that
b(x, θ) = cS(F0,Φ0; x, θ). (4.1)
Here the Schwarzian derivative is regarded as a background configuration for b(x, θ). It is
a gauge-fixing of the N = 3 superconformal diffeomorphism. Along the coadjoint orbit the
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superfield b(x, θ) flows to b(f, ϕ) by the superconformal diffeomorphism as (3.3). Putting
(4.1) into (3.3) and using (2.7) we get
∆
1
2 b(f, ϕ) + cS(f, ϕ; x, θ) = S(F0(f, ϕ),Φ0(f, ϕ); x, θ), (4.2)
in the coadjoint action. We can say that the b-dependence of the coadjoint action has
been renormalized into the original Schwarzian derivative. Clearly this renormalized
Schwarzian derivative has the same OSp(2|3)target invariance as the original one. But
then we have to flow the non-linear transformations (2.16) as
δǫF0 = −iǫARA|f=F0,ϕ=Φ0, δǫΦ0 = −iǫARAa|f=F0,ϕ=Φ0 . (4.3)
Thus the coadjoint action (3.3) can keep OSp(2|3)target invariance.
The gauge-fixing background (4.1) should obey the superconformal condition
DaF0 = Φ0bDaΦ0b. (4.4)
Then it follows that
df + ϕcdϕc
∂xf + ϕc∂xϕc
=
dF0(f, ϕ) + Φ0c(f, ϕ)dΦ0c(f, ϕ)
∂xF0(f, ϕ) + Φ0c(f, ϕ)∂xΦ0c(f, ϕ)
≡ y|f=F0,ϕ=Φ0. (4.5)
This implies that the 1-form y in the Kirillov-Kostant 2-form is invariant under the renor-
malization of the b-dependence. Another important property of y is that it is invariant
under the transformations given by the Killing vectors (2.16) similarly to the Schwarzian
derivative. That is, the denominator and the numerator respectively transform as
δǫ(df + ϕcdϕc) = (ǫL0 + 2ǫLz + 2ǫF aϕa)(df + ϕcdϕc),
δǫ(∂xf + ϕc∂xϕc) = (ǫL0 + 2ǫLz + 2ǫF aϕa)(∂xf + ϕc∂xϕc), (4.6)
under the transformations.
Owing to (4.2) and (4.5) the Kirillov-Kostant 2-form (3.4) gets the b dependence
renormalized. The renormalized Kirillov-Kostant 2-form has OSp(2|3)target invariance
under the renormalized non-linear transformations (4.3).
4.2 OSp(2|3)diff
We have gauge-fixed the N = 3 superconformal diffeomorphism by taking the configu-
ration of b at the initial point of the coadjoint orbit O(b,c) in the form (4.1). But the
gauge of the diffeomorphism can not be fixed completely. The configuration (4.1) could
remain the same under the transformations generated by the subalgebra osp(2|3), if it is
constrained appropriately furthermore. That is, we could have
[
δvAd
∗(f, ϕ)b(x, θ)
]
|(f,ϕ)=(x,θ) = [v∂x + 1
2
DθbvDθb +
1
2
∂xv]b(x, θ) + cDθ1Dθ2Dθ3v
= 0, (4.7)
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while v is restricted to the submodes generated by osp(2|3) in (2.14). It implies that the
initial point of the coadjoint orbit is stable under OSp(2|3). In other words, this part
of the N = 3 superconformal diffeomorphism evades the gauge-fixing (4.1). It is called
OSp(2|3)diff and different from OSp(2|3)target discussed previously.
We shall show that the OSp(2|3)diff symmetry (4.7) indeed comes true by assuming
b(x, θ) to take a specific expansion form such that
b(x, θ) = θ1θ2θ3d(x). (4.8)
By expanding v as (2.12) we find (4.7) to be
cβ(x) + θa[c∂xta(x)] +
1
2
εabcθaθb[
1
4
εabcβcd(x) +
c
2
εabc∂
2
xβc(x)]
+ θaθ2θ3[α(x)∂xd(x) + 2∂xα(x)d+ c∂
3α(x)] = 0. (4.9)
This gives as many differential equations as the components of v. They can be solved by
α(x) = e±inxα±, α0,
βa(x) = e
± 1
2
inxβa± 1
2
n,
ta(x) = ta 0,
β(x) = 0, (4.10)
when the configuration of b is specified by
d(x) =
1
2
cn2, (4.11)
with a fixed integer n ∈ Z6=0. With v restricted by (4.10) the N = 3 superconformal
diffeomorphism becomes exactly the Lie algebra osp(2|3) discussed in Section 2. Thus
b(x, θ) given by (4.8) with (4.11) is a right configuration with which the constraint (4.7)
is satisfied.
Putting (4.11) into (4.1) we have
θ1θ2θ3
[1
2
cn2
]
= S(F0,Φ0; x, θ).
Finally we give a solution of this equation for F0(x, θ) and Φ0a(x, θ). By using the ex-
pansion of the Schwarzian derivative in components (2.10) and taking into account the
superconformal condition (4.4) it turns out that
F0(x, θ) = λ
2 2√
cn
tan(
√
c
2
nx), Φ0a(x, θ) = θaλ sec(
√
c
2
nx), (4.12)
with a constant λ.
All the arguments about the twofold OSp(2|3) symmetry in this section can be straight-
forwardly applied to the cases of N ≤ 2 as well. But there is some difference in the
application to the N = 4 case. It is explained in Appendix C.
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5 N = 3 super-Schwarzian theory
With (3.6) the Kirillov-Kostant 2-form (3.4) becomes
Ω(b,c) =
1
2
∫
dxd3θ
[
(∆
1
2 b(f, ϕ) + cS(f, ϕ; x, θ))(2y∂xy + 1
2
DθcyDθcy)
+cyDθ1Dθ2Dθ3y
]
. (5.1)
By the construction this is closed so that there exists a quantity H such as ivΩ(b,c) = dH
7.
It takes the form
H =
∫
dxd3θ v
(
∆
1
2 b(f, ϕ) + cS(f, ϕ; x, θ)
)
.
The N = 3 super-Schwarzian theory may be defined by
H|v=1 =
∫
dxd3θ Ad∗(f, ϕ)b. (5.2)
The 1-form H is no longer invariant under the N = 3 superconformal diffeomorphism
(3.3) except for b = 0.
i) b = 0.
Needless to say, the Schwarzian action (5.2) with b = 0 has the OSp(2|3)target invari-
ance. It is also invariant under the entire superconformal diffeomorphism transforming as
(2.8). But its action density is not invariant even under the subalgebra osp(2|3). Hence
the constraint (4.7) is not satisfied and the initial point (0, c) of the coadjoint orbit is not
stable under OSp(2|3)diff .
ii) b 6= 0.
If b is gauge-fixed as (4.1) the b dependence is renormalized into the Schwarzian deriva-
tive as shown in Section 4. Hence the action (5.2) becomes
H|v=1 = c
∫
dxd3θ S(F0(f, ϕ),Φ0(f, ϕ); x, θ).
Its OSp(2|3)target invariance is kept. If the configuration of b is further specified as (4.8)
with (4.11), then the initial point (b, c) of the cadjoint orbit is stable satisfying (4.7).
Then the action density is obviously invariant under OSp(2|3)diff .
6 N = (3, 0) super-Liouville theory
We begin by changing the Kirillov-Kostant 2-form (5.1) as
2Ω(b,c) =
∫
dxd3θ
{
− d
[
2y
(
∆
1
2 b(f, ϕ) + cS(f, ϕ; x, θ)
)]
− cyDθ1Dθ2Dθ3y
}
, (6.1)
7Here iv is the anti-derivative. For more about it see Appendix B.
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using the formulae for the exterior derivatives of S, y and ∆ 12 b, respectively given by (B.3),
(B.5) and (B.2) in Appendix B. This change of the Kirillov-Kostant 2-form was done also
for the N = (4, 0) super-Liouville theory in [10]. It can be checked similarly. By the
definition Ω(b,c) is obviously closed so that
8
d
∫
dxd3θ yDθ1Dθ2Dθ3y = 0.
Then the anomaly term takes an exact form such that∫
dxd3θ yDθ1Dθ2Dθ3y = dγ, (6.2)
with a 1-form γ. However it would be impossible to find a local expression of γ in the
supercovariant formulation, i.e., in terms of superfields, as was for the N = (4, 0) case.9
Therefore we look for it in the component formulation. To this end the author has done
rather massive calculations, using the expansion formulae of f and ϕa in Appendix A.
The details of the calculations were exposed in [19]. We quote only the result
γ =
1
6
∫
dx
[
− 6
{
log ρ2∂xd(log ρ
2) + ∂x(
1
ρ2
)∂x(
1
ρ2
)dhρ2)
}
+
{
− 6∂xρ
2
ρ2
∂xρ
2
ρ2
dh
ρ2
(η
ρ
· ∂xη
ρ
)
+ 48
dh
ρ2
∂xρ
ρ
(η
ρ
· ∂2x(
η
ρ
)
)
+24
dh
ρ2
(
∂x(
η
ρ
) · ∂2x(
η
ρ
)
)}
+
{
− 24dρ
2
ρ2
(
∂2x(
η
ρ
) · η
ρ
)
+ 24
(
∂x(
η
ρ
) · ∂xd(η
ρ
)
)}
+
{
− 12∂xρ
2
ρ2
dρ2
ρ2
(η
ρ
· ∂(η
ρ
)
)2
+ 24
∂xρ
ρ
(η
ρ
· d(η
ρ
)
(η
ρ
· ∂2x(
dρ
ρ
)
)
+6
(
∂x(
η
ρ
) · η
ρ
)
)2
∂x(
dρ2
ρ2
)
}
−24∂x(∂xρ
ρ
)
(
d(
η
ρ
) · η
ρ
)(
∂x(
η
ρ
) · η
ρ
)}
−24(∂xρ
ρ
)2
(
d(
η
ρ
) · η
ρ
))(η
ρ
· ∂x(η
ρ
)
)}
+
{
24ǫlmn
dηl
ρ
∂xηm
ρ
∂xηn
ρ
τ
ρ
+24
[dh
ρ2
+
(η
ρ
· dη
ρ
)]
ǫlmn
∂xηl
ρ
∂xηm
ρ
∂xηn
ρ
τ
ρ
}
−24
{dh
ρ2
∂x(
τ
ρ
)
τ
ρ
+ (
τ
ρ
)d(
τ
ρ
) +
(η
ρ
· dη
ρ
)τ
ρ
∂x(
τ
ρ
)
}]
.
8It may be checked by a direct calculation.
9 Such a local expression of the anomalous term is possible for N ≤ 2, as commented in the end of
this paper.
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Putting (6.2) in (6.1) the Kirillov-Kostant 2-form takes an exact form. By integrating
over the boundary term along the coadjoint orbit O(b,c) the action of the N = (3, 0)
super-Liouville theory is given by
I = −
∫
O(b,c)
∫
dxd3θ y
(
∆
1
2 b(f, ϕ) + cS(f, ϕ; x, θ)
)
− c
2
∫
O(b,c)
γ. (6.3)
It is worth checking the non-supersymmetric limit of the theory. The purely bosonic part
of S has been already given by (2.10), while the one of γ found in the first line in the
above expansion. ∆ and y take the familiar form in the non-supersymmetric limit. By
the assumption (4.8) it follows that
∆
1
2 b(f, ϕ) = · · ·+ ρϕ1ϕ2ϕ3d(f) = ρ4θ1θ2θ3, d(h) + superpartners.
Putting these results together and using the constraint (2.9) we get
I =
∫
O(b,c)
∫
dx
dh
∂xh
{
(∂xh)
2d(h)− c
2
(∂3xh
∂xh
− 2(∂
2
xh
∂xh
)2
)
+ superpartners
}
,
which is indeed the the non-supersymmetric Schwarzian action given in [5].
Let us study symmetries of the action. To this end we prefer the non-local form
I =−
∫
O(b,c)
∫
dxd3θ y
(
∆
1
2 b(f, ϕ) + cS(f, ϕ; x, θ)
)
− c
2
∫
M
∫
O(b,c)
yDθ1Dθ2Dθ3y. (6.4)
The 1-form y and the 2-form therein transform respectively as given by (B.4) and (B.6)
in Appendix B, while S and ∆ 12 b as given by (2.8) and (2.5)10. By using these formulae
we find that
δvI = −c
∫
O(b,c)
∫
dxd4θ dvS(f, ϕ; x, θ).
It may be written in the form
δvI = c
∫
O(b,c)
dt
∫
dxd4θ v
d
dt
S(f, ϕ; x, θ).
Therefore the Schwarzian derivative is the energy-momentum tensor of the theory in the
left-moving sector. When dv/dt = 0 it is conserved. This property of the diffeomorphism
is the hallmark of the Liouville theory.
Thus in contrast with the Schwarzian theory given by (5.2) the Liouville theory given
by (6.3) is invariant under the N = (3, 0) superconformal diffeomorphism for any config-
uration of b.
10∆
1
2 b is a superconformal field with weight 3
2
.
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i) b = 0.
By (2.18) and (4.6) S and y both have the OSp(2|3) invariance under the transfor-
mations given by the Killing vectors (2.16). Hence the Liouville action (6.3) with b = 0
is invariant under OSp(2|3)target. But the initial point (0, c) of the coadjoint orbit is not
stable under OSp(2|3)diff , as has been discussed for the super-Schwarzian theory.
ii) b 6= 0.
Similarly to the Kirillov-Kostant 2-form the Liouville action can be also rewritten in
the renormalized form
I = −
∫
O(b,c)
∫
dxd3θ yS(F0(f, ϕ),Φ0(f, ϕ); x, θ)
− c
2
∫
M
∫
O(b,c)
[yDθ1Dθ2Dθ3y]|f=F0,ϕ=Φ0,
when b is gauge-fixed as (4.1). As shown in Subsection 4.1 the renormalized S and y both
have OSp(2|3) invariance under the transformation given by the Killing vectors (4.3). So
the above renormalized action gets invariant under OSp(2|3)target.
We can further specify the gauge-fixing of b as (4.8) with (4.11). Then the initial
point (b, c) of the coadjoint orbit O(b,c) stays stable under OSp(2|3)diff as has been dis-
cussed for the Schwarzian theory. But the Liouville action has the OSp(2|3)diff symmetry
anyway since it is invariant under the entire N = (3, 0) superconformal diffeomorphism
irrespectively of the b configuration. It contrast with the Schwarzian theory.
7 Conclusions
The Schwarzian and Liouville actions respectively given by (5.2) and (6.4) are valid not
only for the N = 3 extended supersymmetric case but for the cases of N ≤ 2, if S, y and
the anomalous term therein are replaced by the appropriate quantities for the supersym-
metries. For those quantities see Appendix A in [10]. We can argue the respective actions
for those cases similarly to the N = 3 case. We attain the same conclusions as in Sec-
tions 5 and 6. Then the twofold symmetry is given by OSp(2|N)diff and OSp(2|N)target.
For the N = 4 case the similar arguments go through and end up with almost the same
conclusions. But there is a difference. It will be argued in Appendix C.
On top of the feature summarized above there is one more point worthy to be remarked.
For the Liouville theories for the cases of N ≤ 2 the OSp(2|N)target symmetry becomes
local in the right-moving sector. For those theories the anomalous term can be expressed
in the exact form in terms of superfields. They are
y∂3xy = −d
∫
dx
[
y
(
S + 1
2
(
∂2h
∂h
)2
)]
,
1
2
yDθ∂
2
xy = −d
∫
dxdθ
[
y
(
S +
(D3θϕ
Dθϕ
D2θϕ
Dθϕ
))]
,
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12
y∂x[Dθ+, Dθ−]y = −d
∫
dxd2θ
[
y
(
S − 2 ∂xϕ
+
Dθ+ϕ+
∂xϕ
−
Dθ−ϕ−
)]
,
for N = (0, 0), (1, 0), (2, 0) respectively. Owing to these formulae we can show that the
respective Liouville actions with b = 0 are still invariant under the the non-linear trans-
formations (2.16) even when the infinitesimal parameters are local as ǫA(t)[5, 6, 18]. On
the contrary the anomalous term (6.2) for the case of N = 3 did not admit such a su-
percovariant expression. For N = 4 it did not either. Therefore this local invariance can
hardly be found for these cases.
When b 6= 0 the local invariance in the right-moving sector was shown only for the
N = (0, 0) Liouville action in [5]. It has not been studied for other cases. The author
thinks it desirable to working on this issue furthermore.
A The superconformal condition
From the superconformal condition (2.2) it follows that
DθaϕcDθbϕc = DθcϕaDθcϕb = δab(∂xf + ϕc∂xϕc).
Hence the scaling factor in (2.7) can be written as
∆ = 3(∂xf + ϕc∂xϕc).
The similar relations can be found also for the case of N = 1, 2 and 4 superconformal
diffeomorphisms. Keep in mind that ∆ is a superconformal field with weight 1.
The N = 3 superconformal diffeomorphisms are expanded in components as
f(x, θ) = h(x) + θcψc(x) +
1
2
εabcθbθctc(x) + θaθ2θ3ω(x),
ϕa(x, θ) = ηa(x) + θaρ(x) +
1
2
εabcθbθcτ(x) + θaθcτc(c) + θ1θ2θ3ra(x).
Then constraints among the components such as
∂xh = −ηc∂xηc + ρ2, ψa = ηaρ,
ta = −ηaτ − εabcηbτc, ω = ηcτc − τρ,
τa = ∂xηa, 0 = ρτa + ττa +
1
2
εabcτbτc,
follow also from the superconformal condition.
B Algebraic calculus
There is an identity known in the the differential geometry
δv = div + ivd, (B.1)
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among the exterior derivative d, the Lie derivative δv and the anti-derivative iv. In the
context of the paper δv is the superconformal diffeomorphism. The identity allows us
to obtain the exterior derivative of a superfield once given its superconformal diffeomor-
phism, or vice versa. For instance, applying this identity for a superconformal field A
transforming as (2.5) we immediately find
dA = (y∂x +
1
2
DθyDθ + w∂xy)A. (B.2)
Here use was also made of ivA = 0 and ivy = v given by (3.5). Similarly for the N = 3
Schwarzian derivative S transforming as (2.8) we find
dS(f, ϕ; x, θ) = [y∂x + 1
2
DθbyDθb +
1
2
∂xy]S(f, ϕ; x, θ) + 1
6
εabcDθaDθbDθcy. (B.3)
The identity (B.1) can be also applied for the 1-form y. A direct calculation shows that
δvy = dv + v∂xy − y∂xv + 1
2
DθcvDθcy, (B.4)
under (2.3) and (2.4). It then turns out that
dy = y∂xy +
1
4
DθcyDθcy. (B.5)
We may also apply the identity (B.1) for a 2-form such as
∫
dxd3θ yDθ1Dθ2Dθ3y.
The exterior derivative of this quantity is vanishing as discussed in Section 5. It is then
straightforward to obtain the formula
δv
∫
dxd3θ yDθ1Dθ2Dθ3y = d
∫
dxd3θ 2vDθ1Dθ2Dθ3y. (B.6)
C The N = 4 super-Schwarzian theory revisted
The gauge-fixing of b in Section 4 was studied also for N = 4 super-Schwarzian action in
[3]. The symmetries PSU(1,1|2)target and PSU(1,1|2)diff were both found for b = 0. For
b 6= 0 only the PSU(1,1|2)diff symmetry was shown. We are in a position to address the
concern about PSU(1,1|2)target symmetry as well, by applying the renormalization of the
b dependence for the N = 4 case. It turns out that we can have only either of the twofold
PSU(1,1|2) symmetry for b 6= 0. It contrasts with the cases of N ≤ 3. In those cases the
super-Schwarzian theory can be simultaneously invariant under both OSp(2|N)target and
OSp(2|N)diff , if b is chosen as (4.8) for N = 3 and its analogs for N ≤ 2.
i) PSU(2|N)target.
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The N = 4 super-Schwarzian action was given by (5.14) in [3]. If b is gauge-fixed as
(4.1), the b-dependence can be renormalized into the Schwarzian derivative in that action,
as for the N = 3 case. The N = 4 super-Schwarzian derivative non-trivially transforms
as (2.19) under the transformations given by the Killing vectors (2.16). Nonetheless the
renormalized Schwarzian action can be shown to be invariant as for b = 0 in [3]. Hence
the Schwarzian theory has PSU(1,1|2)target symmetry for b 6= 0 as well.
ii) PSU(1, 1|2)diff .
To see the PSU(1,1|2)diff symmetry we study the coadjoint action corresponding to
(4.7). For N = 4 it was given by (5.15) in [3]
[
δvAd
∗(f, ϕ)b(x, θ)
]∣∣∣
(f,ϕ)=(x,θ)
= [v∂x +
1
2
DθavD
a
θ +
1
2
D aθ vDθa]b(x, θ) + c∂xv, (C.1)
with the index a of SU(2) doublet. Then b(x, θ) was expanded in components
b(x, θ) = a(x) + θaγ
a(x) + γaθ
a(x) + (θσiθ)si(x) +
1
2
ǫabθ
aθbj(x) +
1
2
ǫabθaθbk(x)
+ (θaθ
a)θbσ
b(x) + (θaθ
a)σb(x)θ
b + (θaθ
a)(θbθ
b)d(x),
while the infinitesimal parameter v as
v(x, θ) = α(x) + θaβ
a(x)− βa(x)θa + (θσiθ)ti(x)
− (θaθa)θb∂xβb(x)− (θaθa)∂xβb(x)θb − 1
2
(θaθ
a)(θbθ
b)∂2xα(x). (C.2)
Here the index i indicate the index of the SU(2) triplet. By putting them the r.h.s. of
(C.1) was calculated. Then the top component was required to vanish
2∂xd(x)α(x) + 4d(x)∂xα(x) + ∂xa(x)∂
2
xα(x)− c∂3xα(x)
1
2
(
− ∂xσa(x)βa(x)− ∂xγa(x)∂xβa(x)− 3σa(x)∂xβa(x) + γa(x)∂2xβa(x)
+βa(x)∂xσ
a(x)− ∂xβa(x)∂xγa(x) + 3∂xβa(x)σa(x) + ∂2xβa(x)γa(x)
)
−4si(x)∂xti(x) = 0. (C.3)
This gave a set of differential equations for the components α(x), βa(x), β
a(x), ti(x) in
(C.2). They were solved by
α(x) = e±inxα±, α0,
βa(x) = e
± 1
2
inxβa± 1
2
n,
βa(x) = e±
1
2
inxβa±
1
2
n,
ti(x) = ti0, (C.4)
by requiring a specific configuration for the field b(x, θ) such as
a = a0, d = −1
4
cn2, si = s i0 ,
γa = e
√
3
2
nxγa0 (or e
−
√
3
2
nxγa0), γ
a = e
√
3
2
nxγa0 (or e
−
√
3
2
nxγa0), (C.5)
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with an arbitrarily chosen integer n( 6= 0) and
σa = −1
3
∂xγa, σ
a =
1
3
∂xγ
a.
Thus the top component of the coadjoint action (C.1) is invariant under the N = 4 super-
conformal diffeomorphism when its infinitesimal parameter v is restricted by (C.4). The
restricted superconformal diffeomorphism is the Lie algebra psu(1,1|2)(⊃ osu(2|3)diff).
The point is that one can decompose the differential equation (C.3) into eight differential
equations, since α(x), βa(x), β
a(x), ti(x) are independent in (C.2). They have right orders
of derivative to admit fourteen independent solutions as (C.4): the third order for α(x),
the second order for βa(x) and β
a(x), and the first order for ti(x). Thus the infinitesimal
parameters v has readily got restricted. A further requirement for the lower components
in (C.1) is too restrictive to admit any solution. To constrain only the top component as
(C.3) it is sufficient to impose the constraint in an integrated form as
∫
dxdθ4
[
δvAd
∗(f, ϕ)b(x, θ)
]∣∣∣
(f,ϕ)=(x,θ)
= 0. (C.6)
Therefore the N = 4 super-Schwarzian action has PSU(1,1|2)diff symmetry although the
initial point (b, c) of the coadjoint orbit O(b,c) is no longer stable under PSU(1,1|2)diff .
On the contrary the constraint (4.7) requires for the case of N = 3 that not only the
top component in the differential equation (4.9), but all the components vanish. It has
been solved by (4.10) with which the N = 3 superconformal diffeomorphism reduces to
the osp(2|3) algebra. Thus for the N = 3 super-Schwarzian theory the action density is
invariant under osp(2|3) algebra. The same remark can be made for the case of N ≤ 2 as
well.
Thus we have seen a peculiar phenomenon in finding the PSU(1,1|2)diff symmetry for
the case of N = 4. The peculiarity has already appeared in expanding the infinitesimal
parameter v. It takes a restrictive form as (C.2) for the case ofN = 4, due to the conditions
DθaDθbv = 0 and D
a
θ D
b
θ v = 0.(See Appendix A in [3].) This kind of constraints does
not appear for the case of N ≤ 3. The expansion takes a generic form such as (2.12) for
N ≤ 3.
A final question is whether the b field gauge-fixed as (4.1) can be further specified to
be (C.5) satisfying the constraint (C.6). The answer is no. The reason for this is that the
purely bosonic part of the N = 4 super-Schwarzian derivative no longer takes the form
(2.10) which is common for the case of N ≤ 3. Instead it is given by
S(f, ϕ; x, θ) = log ρξ + 1
2
(θa · θa)2
[
− ∂
2
xξ
ξ
− ∂
2
xρ
ρ
+ 6
∂xξ
ξ
∂2xρ
ρ
]
+O(η)
= log ∂xh+
1
2
(θa · θa)2
[
− ∂
3
xh
∂xh
+ 2(
∂2xh
∂xh
)2
]
+O(η), (C.7)
(See (3.19) in [10]. The appearance of the the lowest component log ∂xh is consistent with
the transformation law (2.19), which is characteristic for the N = 4 super-Schwarzian
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derivative.) Accordingly the gauge-fixing (4.1) requires that the lowest component a(x)
of b(x, θ) is non-trivial. Hence (C.5) is not acceptable since a(x) is constant. We have
to reexamine the equation (C.6), or equivalently (C.3) with an arbitrary function a(x).
But it is then impossible to solve (C.3) by (C.4). Therefore the N = 4 super-Schwarzian
action with b 6= 0 can have the PSU(1,1|2)target symmetry by the gauge fixing (4.1), as
has been discussed previously, but loose the PSU(1,1|2)diff or vice versa.
Finally we comment on the N = (4, 0) super-Liouville theory for b 6= 0. It was
discussed for b = 0 in [10]. For b 6= 0 the action is given by the analogous form to (6.4)
I =−
∫
O(b,c)
∫
dxd4θ y
(
b(f, ϕ) + cS(f, ϕ; x, θ)
)
− c
2
∫
M
∫
O(b,c)
y∂xy,
with y given by (4.7) in [10]. The the renormalization of the b dependence similarly
works for this Liouville action as well. In spite of the transformation (2.19) the the
renormalized Liouville action is still invariant under PSU(1,1|2)target as for b = 0. That
is, the argument in [10] which showed the invariance for b = 0 can be applied for the
renormalized Liouville action as well. Needless to say the Liouville theory has the same
stable point under PSU(1,1|2)diff as the Schwarzian theory.
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